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1. Oculomotor Plant Mathematical Model (OPMM)
The oculomotor plant can be represented by a mechanical model composed of six muscles attached to the eye
globe, as shown in Figures 1 and 2. The model presented in this paper considers only four of these muscles — the

lateral, medial, superior, and inferior recti — along with the eye globe and surrounding tissue.
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Figure 1. Left eye diagram (front view). Figure 2. Left eye diagram (side view).

The eye globe has a radius of approximately 11 millimeters, and the lateral, medial, superior, and inferior recti
are modeled through a system of mechanical components described in the following sections. Each muscle can
play the role of agonist (AG) or antagonist (ANT), depending on the direction of movement. The agonist muscle
pulls the eye globe in the required direction, while the antagonist muscle resists the pull. As an example, when the
right eye moves in the right-upward direction, the lateral and superior recti play the role of agonist and support the
movement, while the medial and inferior recti play the role of antagonist and resist the movement. Each
muscle/role combination is considered in its own section. The eye globe can move in eight directions within the
two-dimensional plane: right, left, upward, downward, right-upward, left-upward, right-downward, and left-
downward. This paper considers only right-upward and left-downward movements of the right eye in detail, as
this provides all relevant equations necessary for eye movement simulation in the two-dimensional plane. The

distinction between right/left eye equations is important, as the term lateral rectus refers to the outer muscle
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(closest to the ear), while the term medial rectus refers to the inner muscle (closest to the nose). Therefore, when

considering the left eye, the labels referring to the lateral/medial recti must be swapped.

2. Two-Dimensional Oculomotor Plant Mathematical Model (2DOPMM)

The OPMM consists of four extraocular muscles which provide the necessary force to rotate the eye globe;
these include the lateral rectus (LR), superior rectus (SR), medial rectus (MR), and inferior rectus (IR). In the
equations and figures presented in this paper subscript notation will identify parameters that belong to each
muscle, parameters without subscripts are assumed to be identical for the relevant muscles. Figure 3 illustrates the
eye globe held in the central coordinate position (0, 0), where opposing muscles apply equal force to maintain a
stable fixation. When the eye moves to a particular position from the central coordinate position, each muscle
connected to the eye globe contracts or stretches accordingly, as shown in Figure 4.
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Figure 3. OPMM with four muscle forces. Figure 4. Right-upward movement of the right eye.

Consider a right-upward movement of the right eye, which directs the eye’s visual axis from the central
coordinate position: the lateral and superior recti supply the force necessary to move the eye globe to the required
position and maintain a stable fixation on the target, while the medial and inferior recti stretch and resist the
movement. When the eye fixates on the target, the muscles compensate the forces and stabilize the eye globe. The
contraction/stretching of each muscle cause the horizontal (HR) and vertical (VR) movement of the eye globe
from its origin. ®yr and Oyr describe the angle of rotation with respect to each of the muscles connected to the
eye globe, where ®Oyr = O g + Oyr and Oyr = Osg + Ofr.

Each muscle is innervated to contract/stretch by a neuronal control signal, causing a projection of its forces at
its point of connection to the eye globe. The projection of each muscle force is directed according to the direction

of movement, allowing four basic muscle force equations, as shown in Figure 5.
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Figure 5. Right-upward movement with horizontally and vertically projected muscle forces.

3. Right-upward Movement

The muscle mechanical model (MMM) of the lateral rectus is shown in Figure 6. The neuronal control signal
N_r creates the active-state tension ?HR_LR that works in parallel with the length-tension force ?HR_LT_LR. Together
they produce tension Tyr r wmr = Fur Lr + Frr LT Lr that is propagated through the series elasticity to the eye globe:
T)HR_R_MF = F)HR_SE_LR-

Scalar values of the forces are as follows: the length-tension force of the lateral rectus is Fug i1 (g =
KLOhr LT Lk, Where B4r L7 (r IS the displacement of the length-tension component in the horizontal direction and
Kyt is the spring coefficient; force propagated by the series elasticity component is T g = Ksebur se Lr, Where
Onr_se_Lr IS the displacement of the series elasticity component in the horizontal direction and Kge is the spring
coefficient.

Tension T.r applied by the lateral rectus to the eye globe is counterbalanced by the tension of the medial,
superior, and inferior recti (Tyur + Tsr + Tir) and tension created by the passive elasticity of the muscles and tissue
surrounding the eye globe K,A8. The MMM becomes more complex during eye rotations, making it necessary to
present MMMs for the horizontal and vertical muscle forces separately. To provide more detail, muscle forces are

described with scalar values.
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Figure 6. Muscle mechanical model of the lateral rectus.

3.1. Horizontal Right Muscle Force (HR_R_MF)

The agonist muscle contracts, rotates the eye globe, and stretches the antagonist muscle. Assuming the lateral
rectus plays the role of agonist, Figure 7 presents the MMM of the horizontal right muscle force pulling the eye
globe in the positive direction.

Prior to the eye movement, the displacement in the series elasticity and length-tension components of the
lateral rectus is Our Lr. When the eye moves to the right by A8ur degrees, the original displacement Opr g IS
reduced, making the resulting displacement 64z 1k — ABur. The displacement A6yr can be broken into the
displacement of its components: ABpr = ABur se 1r — ABHr LT Lr- Muscle contraction expands the series elasticity
and shortens the length-tension components, making the resulting displacement Opr se 1R + ABur se 1r and
Orr LT LR — ABur LT Lr respectively. The force-velocity relationship represented by the damping component
BacAb. 1 Lr resists the muscle contraction. The amount of resistive force produced by the damping component is
based on the velocity of contraction of the length-tension component.

Using Figure 7, we can write the equation of force generated by contraction of the lateral rectus:

Tyr rmr = FLr €05 O g + K17 (Ougr 17 1R — AOug_ 17 1R) COS O — BAGAQHR_LT_LR cos 05 1)
Resisting the contraction, the series elasticity component propagates the contractile force by pulling the eye
globe with the same force:

Tur r Mr = Ksg(Our se Lr + AOur sg Lr) €COS O1p (2)
Equations (1) and (2) can then be used to calculate the force Tyr r mr in terms of the eye rotation Afpr and

displacement ABur Lt r Of the length-tension component:
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Figure 7. Horizontal right muscle force mechanical model.

—Ksg(Our_se 1k + AOur sp 1r) €OS Opg + Fig €08 01 + K17 (Ong 11 1R — AOur i1 Lr) €OS O — BAGAéHR_LT_LR cosbp =0
Taking into consideration that Opr (r = Ohr LT LR + OHr seLr AN ABur = ABpgr 17 1R — ABhr se Lr, the

following equations can be derived:

QHR_LR - A9HR = HHR_LT_LR + QHR_SE_LR - AQHR_LT_LR + A91~IR_SE_LR

GHR_LR - AGHR - QHR_LT_LR + AeHR_LT_LR = QHR_SE_LR + A9HR_SE_LR

_KSE(HHR_LR —ABygr — Oyr i ir t+ AQHR_LT_LR) + Fip + KLT(QHR_LT_LR - AGHR_LT_LR) — BagAOyg 17 1k = 0

—Ksg (AHHR_LT_LR - AGHR) + (FLR_KSE(QHR_LR - GHR_LT_LR) + KLTGHR_LT_LR)_KLTAHHR_LT_LR — BagAOyg 17 1 = 0
Assigning:

Fir = Fip—Ksg (eHR_LR - eHR_LT_LR) + KirOur 17 1R

KSE (AGHR_LT_LR - AQHR) = FLR_KLTAHHR_LT_LR - BAGAgHR_LT_LR
The new equation for Tyg g wr Can be written as:

Tur_rmr = Ksg(A0up 17 1r — ABuR)

THR_R_MF = FLR - KLTAQHR_LT_LR - BAGAéHR_LT_LR

TH R_R_MF

K + MOy = AHHR_LT_LR
SE

~ Tur r_mrF .
Tur r mr = Frr — KLT(—K: — + AByg) — BagAOur 17 1R
SE

FirKsg RATLOL
Kse + Kir - Ksg + Kir

THR_R_MF = - EAGAQHR_LT_LR (3)

THR_R_MF = KSE (AQHR_LT_LR - AGHR) (4)
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Figure 8. Horizontal left muscle force mechanical model.
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3.2.Horizontal Left Muscle Force (HR_L_MF)

The antagonist muscle is stretched by the agonist pull. Assuming the medial and inferior recti play the role of
antagonist, Figure 8 presents the MMM of the horizontal left muscle force resisting the pull on the eye globe in
the positive direction.

Prior to the eye movement, the displacement in the series elasticity and length-tension components of the
medial rectus is O4r mr. When the eye moves to the right by A6ur degrees, the original displacement 8y wr is
increased, making the resulting displacement 6.r Mg + ABur. The displacement ABur can be broken into the
displacement of its components: ABur = ABur se mr + ABHr LT Mr- Muscle contraction expands the series elasticity
and length-tension components, making the resulting displacement Opr se Mr + ABpr se Mr aNd Our LT MR +
ABur L1 mr respectively. The force-velocity relationship represented by the damping component BantAd T wr
resists the muscle stretching. The amount of resistive force produced by the damping component is based on the
velocity of stretching of the length-tension component.

The displacement in the series elasticity and length-tension components of the superior rectus is 6yg sg. When
the eye moves upward by A6yr degrees, the original displacement 6y sg iS reduced, making the resulting
displacement 6yr sr — AByg. The displacement AByr can be broken into the displacement of its components: Abyg
= ABvr se sk — AByr LT sr- Muscle contraction expands the series elasticity and shortens the length-tension
components, making the resulting displacement 6yr se sr + ABvr se sr @nd Ovgr (T sr — AByr LT sr respectively.
The force-velocity relationship represented by the damping component BagA8, 1 sr resists the muscle contraction.
The amount of resistive force produced by the damping component is based on the velocity of contraction of the
length-tension component.

The displacement in the series elasticity and length-tension components of the inferior rectus is 6yg r. When
the eye moves upward by A6ygr degrees, the original displacement 6yg g is increased, making the resulting
displacement 6yr |r + ABygr. The displacement A8y can be broken into the displacement of its components: AByr
= AByr se Ir + AByr LT 1r- Muscle contraction expands the series elasticity and length-tension components, making
the resulting displacement Oygr se 1R + AByr se r and Ovr 17 1R + AByr LT g respectively. The force-velocity
relationship represented by the damping component BantA8, 1 g resists the muscle contraction. The amount of
resistive force produced by the damping component is based on the velocity of contraction of the length-tension
component.

We can write the equations of force generated by contraction/stretching of the extraocular muscles as follows:

Tyr = —Fyg c0s Oyg — KLT(GHR_LT_MR + AHHR_LT_MR) cos Oyp — BANTAQHR_LT_MR cos Oy
Tig = —Firsin;g — K;r (HVR_LT_IR + AHVR_LT_IR) sin6g — BANTAéVR_LT_IR sin Og

Tsg = —Fgg sinfgg — KLT(HVR,LT,SR - AQVR,LT,SR) SinBsg + Byg AHIVR?LT?SR sin Osg

Tur = _KSE(QHR,SE,MR + AeHR,SE,MR) cos Oyp

Tir = —Ksg (HVR_SE_IR + AHVR_SE_IR) sin Or
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Tsr = —Kse(Oyr se s + AOyg sk sr) Sin Osg
These equations can be used to calculate the forces Tyr, Tir, and Tsr in terms of the eye rotation, ABr and

AByg, and displacement of the length-tension component of each muscle, A6ug L1 mr, ABvr LT ik, @Nd ABygr LT sr.

3.2.1. Medial Rectus Tension (Twg) of the Horizontal Left Muscle Force

KSE(OHR_SE_MR + AOHR_SE_MR) cosOyr — FypcosOyp — KLT(OHR_LT_MR + AGHR_LT_MR) cosOyp — BANTABHR_LT_MR cosOyp =0
Taking into consideration that Opr Mr = Orr LT MR + OHr se Mr @Nd ABpr = ABpr LT MR T ABHr se mr, the

following equations can be derived:

Our mr + A0ur = Our 17 Mr + Onr se mr + AOur 1 mr + AOur_se mr

GHR_MR + AGHR - HHR_LT_MR - AHHR_LT_MR = BHR_SE_MR + AHHR_SE_MR

KSE(BHR_MR + AHHR - HHR_LT_MR - AHHR_LT_MR) - FMR - KLT(QHR_LT_MR + AQHR_LT_MR) - BANTAéHR_LT_MR =0

KSE(AGHR - AHHR_LT_MR) - FMR - KSEQHR_LT_MR + KSEHHR_MR - KLTQHR_LT_MR - KLTAHHR_LT_MR - BANTAGHR_LT_MR =0
Assigning:

FMR = Fyr + KsgOur 11 mr — KseOur mr + KirOur 11 mr

KSE(AQHR - AHHR_LT_MR) = F'MR + KLTAHHR_LT_MR + BANTAéHR_LT_MR

_KSE(AQHR - AHHR_LT_MR) = _FMR - KLTAQHR_LT_MR - BANTAéHR_LT_MR
The new equation for Ty can be written as:

Tyr = —KSE(AHHR - AHHR_LT_MR)

TMR = _ﬁMR - KLTAQHR_LT_MR - BANTAH'HR_LT_MR

TM R

K + AByr = AOyg 11 MR
SE

~ TMR .
TMR = _FMR - KLT K + AgHR - BANTAQHR_LT_MR
SE

ﬁMRKSE _ AeHR](SEI(LT _ E AH
KSE + KLT KSE + KLT ANT HR_LT_MR

TMR = _KSE(AQHR - AHHR_LT_MR)

TM R

3.2.2. Inferior Rectus Tension (Tg) of the Horizontal Left Muscle Force

KSE(GVR_SE_IR + AQVR_SE_IR) sinOg — Fig sinfg — KLT(QVR_LT_IR + AQVR_LT_IR) sinOg — BANTA9VR_LT_1R sinfp =0
Taking into consideration that Oyg |r = Ovr LT IR + Ovr_se_ir @Nd AByr = AByr LT 1R T AByr st ir, the following

equations can be derived:

Ovr.ir + BOyr = Oyg 11 1k + Ovr seir + BOyr 171k + AOyr sk 1R

Ovr_ir + BOyr — Oyr 11 1R — BOyr 11 1R = Ovr seir + AOyr sk iR

KSE(GVR_IR + Abyr — Ovririr — AHVR_LT_IR) —Fir — KLT(HVR_LT_IR + AQVR_LT_IR) - BANTAéVR_LT_IR =0

Kse (AHVR - AGVR,LTJR) — Figr = KsgOyr 11 1r + KseOvr iz — KirOvr ik = KirBOyg 11 g — BantBOyg 171z = 0

Assigning:
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FIR = FIR + KSEQVR_LT_IR - KSEHVR_IR + KLTHVR_LT_IR
KSE (AHVR - AHVR_LT_IR) = FIR + KLTAGVR_LT_IR + BANTAH.VR_LT_IR
_KSE (AGVR - AHVR_LT_IR) = _FIR - KLTAOVR_LT_IR - BANTAéVR_LT_IR

The new equation for T\r can be written as:

TIR = _KSE(AHVR - AHVR_LT_IR)

Tig = —Fig — KirAbyg 11 1r — BANTAQVR_LT_IR
Tir _
Ko + AByr = AOyg 7R

SE

~ TIR d
TIR = _FIR - KLT (K_ + AHVR) - BANTAGVR,LTJR
SE

- _ FIRKSE _ AeVRI(SEI<LT _ g A9
KSE ¥ KLT KSE + KLT ANTSYVR_LT_IR

TIR = _KSE(AHVR - AHVR_LT_IR)

3.2.3.  Superior Rectus Tension (Tsg) of the Horizontal Left Muscle Force

_KSE(HVR_SE_SR + AGVR_SE_SR) sin Osg + Fsg sin g + KLT(HVR_LT_SR - AQVR_LT_SR) Sinbsp — Bag AéVR_LT_SR sinfsp = 0
Taking into consideration that Oyr sk = Ovr LT sr + Ovr_se_sr @nd AByr = AByr (7 sr — ABvr se_sr, the following

equations can be derived:

9VR_SR - AGVR = HVR_LT_SR + HVR_SE_SR - AHVR_LT_SR + AHVR_SE_SR

9VR_SR - AGVR - HVR_LT_SR + AQVR_LT_SR = HVR_SE_SR + AHVR_SE_SR

_KSE(GVR_SR - AQVR - 9VR_LT_SR + AQVR_LT_SR) + FSR + KLT(QVR_LT_SR - AHVR_LT_SR) - BAGAQ.VR_LT_SR =0

_KSE (AGVR_LT_SR - AQVR) + (FSR _KSE(QVR_SR - QVR_LT_SR) + KLTOVR_LT_SR)_KLTAQVR_LT_SR - BAGAGVR_LT_SR =0
Assigning:

F'SR = FSR_KSE (HVR_SR - 9VR_LT_SR) + KLTQVR_LT_SR

KSE (AGVR_LT_SR - AQVR) = ﬁSR_KLTAQVR_LT_SR - BAGAéVR_LT_SR

_KSE (AGVRfLT,SR - AHVR) = _F'SR +KLTA6VR,LT75R + BAGAQIVRfLTjR
The new equation for Tsg can be written as:

Tsp = —Ksg (AQVR,LT,SR - AGVR)

Tsr = —Fsp+Kir08yg 11 sp + BagAOyg 11 sr

Tsr
AByg — —K = AQVR_LT_SR
SE

~ TSR )
TSR = _FSR+KLT (AHVR - K_) + BAGAHVR_LT_SR
SE

B FsgKsp | AOypKsgKyr
Ksg + Kir Ksg + Kip

Tsp = —Ksg (AQVR_LT_SR - AHVR)

Tsg = + Baobyg 17 sk
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3.2.4. Formulating Horizontal Left Muscle Force (Tur L mr)
Tur . mr = Tur + Tigr + Tsg

FMRKSE AHHRKSEKLT B A FIRKSE AGVRKSEKLT 5 A FSRKSE AQVRKSEKLT 5 A
T, =- - — BunrAB - - — BunrAG - B,cA0
HR_L_MF KSE + KLT KSE + KLT ANT HR_LT_MR KSE 4 KLT KSE 4 KLT ANT VR_LT_IR KSE + KLT KSE + KLT + AG VR_LT_SR
T _ (Fug + Fig + Fsg) _ AOyrKspKir B AD — B, AD + B AD
HR_L_MF Kep + K.7 SE T Rep + Ky oANTAOuR 17 MR~ BantAOvr it mr + BacAbvr it sr

Tur 1. mr = —Ksg (AQHR - AQHR_LT_MR) — Ksg (AQVR - AQVR_LT_IR)_KSE (AQVR_LT_SR - A9VR)

THR_L_MF = _KSE (AHHR - AHHR_LT_MR) + KSEABVR_LT_IR _KSEAHVR_LT_SR

Tur1mr = —Ksg(80yr — DBy 11 mr — BOyr 111k + AOyr 17 sR) ®)
(Fug + Fig + Fsg) AOyrKseKir 5 ; A . P
Thr1mr = — Kot K SET TR T Ko BanrAOur vt mr — BantAOvr 11 1r + BagAbyr i1 sk (6)
se t Kir se t Kir

3.3. Vertical Top Muscle Force (VR_T_MF)

The agonist muscle contracts, rotates the eye globe, and stretches the antagonist muscle. Assuming the
superior rectus plays the role of agonist, Figure 9 presents the MMM of the vertical top muscle force pulling the
eye globe in the positive direction.

Prior to the eye movement, the displacement in the series elasticity and length-tension components of the
superior rectus is Oyr sr. When the eye moves upward by A6yr degrees, the original displacement 6y sr iS
reduced, making the resulting displacement 6yg s — AByr. The displacement ABygr can be broken into the
displacement of its components: AByr = AByr se sr — ABvr LT sr- Muscle contraction expands the series elasticity
and shortens the length-tension components, making the resulting displacement 6yg se sk + ABvr se sk and
Ovr LT sr — AByr LT sr respectively. The force-velocity relationship represented by the damping component
BacA8, 1 sr resists the muscle contraction. The amount of resistive force produced by the damping component is
based on the velocity of contraction of the length-tension component.

We can write the equation of force generated by contraction of the superior rectus:

Tyr 1.sr = Fsg c0s g + K 7 (Oygr 17_sr — AOyg 17 sr) COS Osp — BAGAéLT_SR cos g (7
Resisting the contraction, the series elasticity component propagates the contractile force by pulling the eye

globe with the same force:

Tyr.r.mr = Ksg(Bvr_se_sr + Abyg_se_sr) €OS Osg (8)
Equations (5) and (6) can be used to calculate the force Tyg 1 mr In terms of the eye rotation AByg and
displacement AByg .t sr Of the length-tension component.

T _ ForKse _ ABypKspKir
VRIME ™ Kep + Kip Ksp + Kir

- BAGAQILT)S‘R (9)

TVR_T_MF = KSE (AGVR_LT_SR - AeVR) (10)

10
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Figure 9. Vertical top muscle force mechanical model.

3.4.Vertical Bottom Muscle Force (VR_B_MF)

The antagonist muscle is stretched by the agonist pull. Assuming the medial and inferior recti play the role of
antagonist, Figure 10 presents the MMM of the vertical bottom muscle force resisting the pull on the eye globe in
the positive direction.

Prior to the eye movement, the displacement in the series elasticity and length-tension components of the
inferior rectus is Ovg r. When the eye moves upward by AByr degrees, the original displacement Oyg r is
increased, making the resulting displacement 6yg |r + AByr. The displacement A6yr can be broken into the
displacement of its components: AByr = AByvr se Ik + ABvr L7 18- Muscle contraction expands the series elasticity
and length-tension components, making the resulting displacement Oygr se k + ABvr se gk and Oyr 7R +
AByr (7 g respectively. The force-velocity relationship represented by the damping component BantA8 1 1r
resists the muscle contraction. The amount of resistive force produced by the damping component is based on the
velocity of contraction of the length-tension component.

The displacement in the series elasticity and length-tension components of the lateral rectus is 8ur r. When
the eye moves to the right by A64r degrees, the original displacement 6.z (& is reduced, making the resulting
displacement g r — ABur. The displacement ABpr can be broken into the displacement of its components: Abyr

= ABur se 1R — ABur LT Lr- Muscle contraction expands the series elasticity and shortens the length-tension

11
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components, making the resulting displacement Oyr se 1r + ABnr se Lr aNd Our LT LR — ABHr LT LR respectively.
The force-velocity relationship represented by the damping component BagAé, 1 & resists the muscle contraction.
The amount of resistive force produced by the damping component is based on the velocity of contraction of the
length-tension component.

The displacement in the series elasticity and length-tension components of the medial rectus is 64r_wr. When
the eye moves to the right by A8ur degrees, the original displacement 64 wr IS increased, making the resulting
displacement 6r mr + ABur. The displacement Abyr can be broken into the displacement of its components: Abur
= ABur se Mr + ABur LT Mr- Muscle contraction expands the series elasticity and length-tension components,
making the resulting displacement 6ur se Mr + ABur se vr @Nd Bpr LT MR + ABur LT Mg respectively. The force-
velocity relationship represented by the damping component BantA8. 1 mgr resists the muscle stretching. The
amount of resistive force produced by the damping component is based on the velocity of stretching of the length-
tension component.

We can write the equations of force generated by contraction/stretching of the extraocular muscles as follows:

Tig = —Fjgcos O — KLT(HVR_LT_IR + ABVR_LT_IR) cos O;p — BANTAGVR_LT_IR cos O,

Tip = —Fpsinfp — KLT(QHR,LT,LR - AeﬂR,LT,LR) sinfg + BAGAHIHR,LT,LR sin@.g

Tyr = —Fyg sinOyg — KLT(GHR,LT,MR + AeHR?LT?MR) sinOyg — BANTAH.HR,LT,MR Sin Oyg
Tir = —Ksg (GVR_SE_IR + AGVR_SE_IR) cos Og

Tir = _KSE(HHR_SE_LR + AGHR_SE_LR) sin g

Tur = _KSE(QHR_SE_MR + AQHR_SE_MR) sin Oy

These equations can be used to calculate the forces Tig, TLr, and Tyr in terms of the eye rotation, Abyr and

AByg, and displacement of the length-tension component of each muscle, AByr 1 ir, ABrr LT Lr, @Nd ABHR LT MR-

3.4.1. Inferior Rectus Muscle Force (T g) of the Vertical Bottom Muscle Force
KSE(BVR_SE_IR + ABVR_SE_IR) cosO;p — Figcos 0, — KLT(OVR_LT_IR + ABVR_LT_IR) cos O, — BANTAGVR_LT_IR cos O,
=0

Taking into consideration that Oyg ir = Ovr LT 1R + Ovr se_ir aNd AByr = AByr LT 1k T AByr st v, the following

equations can be derived:

QVR_IR + AQVR = QVR_LT_IR + HVR_SE_IR + AHVR_LT_IR + AHVR_SE_IR

QVR_IR + AQVR - HVR_LT_IR - AHVR_LT_IR = HVR_SE_IR + AHVR_SE_IR

KSE(HVR_IR + AQVR - eVR_LT_IR - AGVR_LT_IR) - FIR - KLT(GVR_LT_IR + AGVR_LT_IR) - BANTAG.VR_LT_IR =0

KSE (AHVR - AHVR_LT_IR) - FIR - KSEQVR_LT_IR + KSEQVR_IR - KLTQVR_LT_IR - KLTAQVR_LT_IR - BANTAQVR_LT_IR =0
Assigning:

F'IR = FIR + KSEQVR_LT_IR - KSEHVR_IR + KLTHVR_LT_IR

Ksp (AHVR - AHVR_LT_IR) = FIR + K 7Oy 11 ir + BANTAGVR_LT_IR
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Figure 10. Vertical bottom muscle force mechanical model.

_KSE (AGVR - AeVRfLTJR) = _ﬁIR - KLTAHVRfLTJR - BANTAQIVRfLTJR
The new equation for T can be written as:
Tir = —Kse (AHVR - AHVR?LTJR)

Tigr = —F}R — KirAOyg 111k — BANTAéVR_LT_IR
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Tig
7 + Abygr = AOyg 17 1R
SE

~ Tig ]
Ti = —Fip — Ky <K_ + AHVR) ™ Banr80vm i1
SE

- _ ﬁIRKSE _ AQVRI(b'EI{LT _ E A@
KSE + KLT KSE + KLT ANT VR_LT_IR

Tir = —Kse(AOyg — DAOyg 17 1R)

3.4.2. Lateral Rectus Muscle Force (Tr) of the Vertical Bottom Muscle Force

_KSE(HHR_SE_LR + AHHR_SE_LR) sinfg + Fipsinfg + Kir (HHR_LT_LR - ABHR_LT_LR) sinfp — BAGAéHR_LT_LR sinfp =0
Taking into consideration that 6u4r (r = Opr LT LR + Onr se LR @Nd ABpr = ABur 7 1R — ABur se Lr, the

following equations can be derived:

GHR_LR - AGHR = HHR_LT_LR + QHR_SE_LR - AQHR_LT_LR + AHHR_SE_LR

GHR_LR - AGHR - QHR_LT_LR + AHHR_LT_LR = HHR_SE_LR + AHHR_SE_LR

_KSE(GHRfLR - AHHR - gHRfLTfLR + AeHRfLTfLR) + FLR + KLT(HHRfLTfLR - AHHRfLTfLR) - BAGAéHRfLTfLR =0

_KSE (AHHRfLT,LR - AeHR) + (FLR_KSE(QHRfLR - HHRfLT,LR) + KLTHHRfLTfLR)_KLTAHHRfLTfLR - BAGAéHRfLTfLR =0
Assigning:

ﬁLR = FLR_KSE (HHR_LR - HHR_LT_LR) + KLTHHR_LT_LR

_KSE (AGHR_LT_LR - AQHR) = _ﬁLR+KLTA6HR_LT_LR + BAGAQHR_LT_LR
The new equation for T, can be written as:

Tir = _KSE(AQHR_LT_LR - A‘911112)

TLR = _ﬁLR+KLTA9HR_LT_LR + BAGAéHR_LT_LR

Tir
AByp — _K = AQHR_LT_LR
SE

N TLR A
TLR = _FLR+KLT <A6HR - K_> + BAGAQHRfLT,LR
SE

_ FirKsg | A8ypKspKir
Ksg + Kir - Ksp + Kpr

T = _KSE(AQHR_LT_LR - A‘911112)

Tigr = + BAcAéHR_LT_LR

3.4.3. Medial Rectus Muscle Force (Tyr) of the Vertical Bottom Muscle Force

KSE(QHR,SE,MR + AHI-IR,SE,MR) sinOyp — Fyg sinOyg — K7 (HHR,LT,MR + ABHR,LT,MR) sinOyg — BANTAQ.HR,LT,MR sinfygp =0

Taking into consideration that 6ur MR = Orr LT MR + OHr sE Mr @Nd ABur = ABur LT MR + ABuRr e Mmr, the
following equations can be derived:
Ourmr + A0ur = Our 17 Mr + Onr semr + AOur 1 mr + AOur_se mr
HHRfMR + AeHR - HHRfLT,MR - AgHRfLTfMR = eHRf.S‘EfMR + AHHRf.S‘EfMR

KSE(GHR_MR + AeHR - GHR_LT_MR - AHHR_LT_MR) - FMR - KLT(QHR_LT_MR + AGHR_LT_MR) - BANTAgHR_LT_MR =0

14
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KSE(AHHR - AHHR_LT_MR) - FMR - KSEBHR_LT_MR + KSEQHR_MR - KLTQHR_LT_MR - KLTAHHR_LT_MR - BANTAQHR_LT_MR =0
Assigning:

FMR = FMR + KSEHHR_LT_MR - KSEHHR_MR + KLTHHR_LT_MR

KSE(AGHR - AHHR_LT_MR) = FMR + KLTAHHR_LT_MR + BANTAéHR_LT_MR

_KSE(AGHR - AHHR_LT_MR) = _ﬁMR - KLTAQHR_LT_MR - BANTAH.HR_LT_MR

The new equation for Tyr can be written as:
Tygr = _KSE(AQHR - AHHR_LT_MR)

TMR = _ﬁMR - KLTAQHR_LT_MR - BANTAQHR_LT_MR

TM R

K— + AOyp = AHHR_LT_MR
SE

a TMR .
TMR = _FMR - KLT K + A6HR - BANTAHHR,LT,MR
SE

FMRKSE _ AHHRI(SEI(LT _ B AH
KSE + KLT KSE + KLT ANTSYHR_LT_MR

Tur = —Kse(A04g — AOug 11 mR)

3.4.4. Formulating Vertical Bottom Muscle Force (Tvr g mr)
Tyr g mr =Tyr + Tir + Tir
TVR_B_MF = _KSE (AQHR - AQHR_LT_MR) - KSE (AQVR - AQVR_LT_IR) - KSE (AQHR_LT_LR - AHHR)

TVR_B_MF = KSEAQHR_LT_MR - KSE (AHVR - AQVR_LT_IR) - KSEAQHR_LT_LR

TVR_B_MF = _KSE (AGVR - AgVR_LT_IR - AgHR_LT_MR + AQHR_LT_LR) (11)

FurKsg  MOupKepKir ; FirKse  AOypKspKip ; FirKsz  AOupKpKir
- - — BanrDOug 1t mr — - — BanrAOyg 1r1r —
Kse + Kir K + Kip Kee + Kir Kep + Kir Kse + Kir Kep + Kip

ﬁMRKSE ﬁIRKSE FLRKSE _ AeVR](SEI(LT 5

Tyrsmr = + BAGAG.HR,LT,LR

T, =— - - — Byr0AO — B,yrAO + B,;A0
VR_B_MF KSE + KLT KSE + KLT KSE + KLT KSE + KLT ANT HR_LT_MR ANT VR_LT_IR AG HR_LT_LR
Fug + Fig + Fiz AbyrKseKir . A : 5 Ap
Tyr g mr = — (W ST Ky ¥ Ky BantAOug 11 mr — BantAOvr 11 1r + BagAOur 11 1R (12)

3.5. Oculomotor Plant Mechanical Model Equations
As the agonist, the lateral rectus applies horizontal right muscle force (HR_R_MF) to the eye globe according
to equations (3) and (4). These equations can be combined as follows:

FLRKSE _ AeHRI(SEI(LT

KSE(AQHR_LT_LR —Abyg) = Ko + K, Kep + K,
E LT E LT

- EAGAQHR_LT_LR (13)

The medial, superior, and inferior recti act collectively as the antagonist, applying horizontal left muscle force

(HR_L_MF) to the eye globe according to equations (5) and (6). These equations can be combined as follows:

Fur + Fig + Fsp AburKspKir o 5 5 i 5 ;
Ksg (AeHR —AByg_1r mr — AByr T ik T A91/R_LT_SR) = ( ) + + BanrAOug 1r mr + BantAOyr 11 mr — BagAByr 17 sk (14)

SE
Ksg + Kir Kse + Kir
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Applying Newton’s second law, the sum of all forces acting on the eye globe horizontally equals the
acceleration of the eye globe multiplied by the inertia of the eye globe: JABr = Tur R MF — Thr Lvr — KpABpg —
BpABur, where J is the eye globe’s inertial mass, A0 is the rotation of the eye globe, A9 is the velocity of eye

rotation, and A8 is the acceleration of eye rotation. Substituting the equations for Tugr r mr and Tur L we:

]AéHR = KSE (AQHR_LT_LR - AHHR) - KSE (AHHR - AHHR_LT_MR - AGVR_LT_IR + AGVR_LT_SR) - KpAGHR - BpAéHR (15)
As the agonist, the superior rectus applies vertical top muscle force (VR_T_MF) to the eye globe according to

equations (9) and (10). These equations can be combined as follows:

FopKsp _ ABypKspKir
Ksg + Kir Ksg + Kip

KSE (AGVR_LT_SR - AQVR) = - BAGAQVR_LT_SR (16)

The inferior, medial, and lateral recti act collectively as the antagonist, applying vertical bottom muscle force

(VR_B_MF) to the eye globe according to equations (11) and (12). These equations can be combined as follows:

Fyr + Fig + F AByrKseK o
MR IR LR) o VROSEDLT (17)

KSE(AQVR —A8yp 171k — BOur 1T MR T+ AHHR,LT,LR) = < Kep + K Kep + K + BANTAGHR,LT,MR + BANTABVRJ_TJR - BA(;AQHR,LTJ_R
E LT E LT

Applying Newton’s second law, the sum of all forces acting on the eye globe horizontally equals the
acceleration of the eye globe multiplied by the inertia of the eye globe: JABvgr = Tvr 7 Mr — Tvr B Mr — KpAByr —

BpAByr, where J is the eye globe’s inertial mass, A0 is the rotation of the eye globe, Af is the velocity of eye

rotation, and A8 is the acceleration of eye rotation. Substituting the equations for Tvr 1 meand Tyr g me:

]AéVR = KSE(AGVR,LT,SR - A6VR) - KSE(AgVR - A6VR,LTJR - A6HR,LT,MR + AeHR,LT,LR) - KpAHVR - BpAéVR (18)
Two differential equations can be added:

AéHR = AéHR (19)

Abyr = AByp (20)
The dynamics of the active-state tension for the horizontal agonist muscle at time t can be described with the

following equation:

Ny — ﬁHR_AG ®

TAG_SAC

Fug ac(t) = (21)

The dynamics of the active-state tension for the horizontal antagonist muscle at time t can be described with

the following equation:

NANT - ﬁHR_ANT(t)

TANT_SAC

FHR_ANT(t) = (22)

The dynamics of the active-state tension for the vertical agonist muscle at time t can be described with the
following equation:

Ny — ﬁVR_AG ®

TAG_SAC

Fyr ac(t) = (23)

16
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The dynamics of the active-state tension for the vertical antagonist muscle at time t can be described with the
following equation:

NANT - ﬁVR_ANT (t)

TANT_sAC

Then, the OPMM can be described by the twelve differential equations (13) — (24), with twelve variables:
ABOUR LT LRy AOUHR LT MRy ABVR LT Ry ABVR LT IRy AOHR, AByR, Fur, Fir, Fsr, Fir, ABHR, AByr.

FVR_ANT ® = (24)

4. Left-downward Movement
For brevity, detailed descriptions of muscle roles/relations have been omitted, as they are symmetric to, and

can be inferred from, those provided in the previous section.

4.1.Horizontal Left Muscle Force (HR_L_MF)

We can write the equation of force generated by contraction of the medial rectus:

Tyr 1mr = —Fur c0s Oyr — Ki7(Opr 17 mr — AOur 17 mRr) €OS Oyp + BAGAéLT,MR cos Oy (25)
Resisting the contraction, the series elasticity component propagates the contractile force by pulling the eye

globe with the same force:

Tyr 1mr = —Kse(Our_se_mr + A4 _sg_mr) €OS Oug (26)
Equations (25) and (26) can be used to calculate the force Twr ( we in terms of the eye rotation ABur and

displacement AByr (7 wr Of the length-tension component.

_KSE(HHR,SE,MR + AHI-IR,SE,MR) cos Oyg + Fyg cos Oyr + KLT(HHR,LT,MR - ABHR,LT,MR) cos Oyr — BAGAQHR,LT,MR cosOyr =0
Taking into consideration that Our Mr = Our LT MR + Onr st Mr @Nd ABpr = ABur (T MR — ABWR sE MR, the

following equations can be derived:

HHRfMR - AeHR = eHR,LTfMR + HHR:S'EiMR - AeHRfLTfMR + AGHR,SEfMR

HHRfMR - AeHR - HHRfLT,MR + AgHRfLTfMR = gHRfsEfMR + AGHR,SEfMR

_KSE(GHR_MR - AQI-IR - HHR_LT_MR + AQHR_LT_MR) + FMR + KLT(QHR_LT_MR - AQHR_LT_MR) - BAGAQHR_LT_MR =0

_KSE(AGHR_LT_MR - AQHR) + (FMR _KSE(QHR_MR - QHR_LT_MR) + KLTGHR_LT_MR)_KLTAQHR_LT_MR - BAGAQHR_LT_MR = 0
Assigning:

F'MR = FMR_KSE(QHR_MR - HHR_LT_MR) + KLTQHR_LT_MR

_KSE(AHHR,LT,MR - A9HR) = _FMR +KLTA9HR,LT,MR + BAGAH.HR,LT,MR
The new equation for Tyg L wr Can be written as:

Tyr 1 mr = —Ksg (AHHR,LT,MR - A911}2)

Tur 1mr = —Fur+KirBOup 11 mr + BagAOug 11 mr

Tugr 1_mr
AByg — —K_ — = AOyg 17 MR
SE
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" Tugr 1mr .
Tur 1 mr = —Fur+Kir (AHHR TR ) + BugAOug 11 mr
SE
Tyr 1. mr = —Ksg(A0ug 11 mr — AOyuR) (27)

_ FurKse  DOupKepKir
Ksg +Kir Ko + K7

Thr 1L mr = + gAGAéHR_LT_MR (28)
4.2.Horizontal Right Muscle Force (HR_R_MF)

Tip = Fipcos O + Kip (HHR_LT_LR + AHHR_LT_LR) cos O + BANTAéHR_LT_LR cosOp

Tig = Figsinfg + KLT(HVR_LT_IR - AQVR_LT_IR) sin@g — BAGAQVR_LT_IR sinBp

Tsg = Fog 5in Osg + Kir(Byr ur sk + MOy 11 sr) Sin Osg + BanrAbyg 11 1r Sin Osg

Tir = KSE(QHR,SE,LR + AHHR?SE,LR) cos O

Tir = Ksg (GVR_SE_IR + AHVR_SE_IR) sin Ojg

Tsg = KSE(BVR_SE_SR + AQVR_SE_SR) sin Ogp
These equations can be used to calculate the forces Ty g, Tir, and Tsg in terms of the eye rotation, AByr and

AByg, and displacement of the length-tension component of each muscle, A6ur L1 (r, ABvr LT 1r, aNd ABygr LT sr.

4.2.1. Lateral Rectus Muscle Force (T r) of the Horizontal Right Muscle Force

_KSE(HHR_SE_LR + AHHR_SE_LR) cos O g + FipcosOp + K1 (HHR_LT_LR + AHHR_LT_LR) cos O p + BANTAéHR_LT_LR cosOrg =0

Taking into consideration that Our (r = Our LT LR + OrrR selr aNd ABpr = ABur LT (R + ABur se r, the

following equations can be derived:

Ourir + A0ur = Oup 17 1R T Onr se_tr + BOug 17 1R + AOur sE LR

9HR7LR + AGHR - gHRfLTfLR - AHHRfLTfLR = gHRfsEfLR + AHHR:S'E,LR

_KSE(GHR_LR + A9HR - QHR_LT_LR - AQHR_LT_LR) + FLR + KLT(QHR_LT_LR + A91~IR_LT_LR) + BANTAGHR_LT_LR = O

_KSE (AGHR - AQHR_LT_LR) + FLR - KSE(QHR_LR - HHR_LT_LR) + KLTHHR_LT_LR + KLTAGHR_LT_LR + BANTAéHR_LT_LR = 0
Assigning:

FLR = FLR - KSE(QHR_LR - QHR_LT_LR) + KLTQHR_LT_LR

KSE (AGHR - AHHRfLT,LR) = ﬁLR + KLTAHHR,LTfLR + BANTAéHR,LTfLR

The new equation for T g can be written as:

Tig = KSE(AQHR - AeHR,LT?LR)

AHHR_LT_LR =AOup ——

- TLR )
Tigp = Fip +Kir (AGHR - K_) + BantAOur 17 1R
SE

FLrKsg AOurKseKir | o :
= + BynrA6
Kep + Kip | Kep + Koy ANTAUHR LT LR

T = KSE(ABHR - AGHR_LT_LR)

TL R
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4.2.2. Superior Rectus Muscle Force (Tsg) of the Horizontal Right Muscle Force

—Ks(Ovr_se_sr + AByr _si_sr) Sin Osg + Fsg sin Osg + Kir(Oyg 11 s + DOyg i1 sr) SinOsg + BanrAbyg 11 g Sin b5 = 0
Taking into consideration that 6yr sr = Ovr LT sk + Ovr se sr @nd AByr = ABvr LT sr + AByr se sr, the

following equations can be derived:

Ovr_sr + BOyr = Oyr 11 sk + Ovr se_sr + BOyr 11 sk + AOyr sk sk

Ovr_sr + BOyr — Oyr 11 sk — BOyr 17 sr = Ovr se_sr + BOyr sk sk

—Ksz(Ovr_sk + AByg — Oy v sr — AByg 11 sr) + Fsg + Kir(Ovrir sk + Ayr 17 sr) + BanrAbyg irir =0

—Ksg (AHVR - AHVR_LT_SR) + Fop — KSE(QVR_SR - HVR_LT_SR) + Kir0yr 11 sk + KirAOByg 17 s + BANTA9VR_LT_SR =0
Assigning:

Fsg = Fsg = Ksg(Ovr sk — Ovr it sr) + KirOvr 17 sk

Ksp(ABygr — AByg 11 sr) = Fsg + KirAOyg 11 sg + BanrDbyr 17 sr
The new equation for Tsg can be written as:

Tsg = KSE(AQVR - A9VR,LT,SR)

AQVR_LT_SR = Abyp

Tsr :
Tsr = Ssr + Kyir (AHVR - K_) + BantAByr 17 sR
SE

FSR KSE AHVR KSEKLT 5

Tep = + B,y A0
SR KSE + KLT KSE + KLT ANT VR_LT_SR

Tsg = KSE(AQVR - AGVR_LT_SR)

4.2.3. Inferior Rectus Muscle Force (Tr) of the Horizontal Right Muscle Force

_KSE(GVR_SE_IR + AQVR_SE_IR) sin b + Fip sin 6 + KLT(QVR_LT_IR - AHVR_LT_IR) sin b — BAGAQVR_LT_IR sinf;r =0
Taking into consideration that Oyg |r = Ovr LT 1k + Ovr se_ir @nd AByr = AByr (7 1R — AByr se_Ir, the following

equations can be derived:

HVRJR - AeVR = eVR,LTJR + HVRfsE,IR - AHVRfLTJR + AGVR:S'EJR

HVRJR - AeVR - HVRfLT,IR + AHVRfLTJR = HVR:S'EJR + AGVR:S'EJR

_KSE(GVR_IR - AQVR - 9VR_LT_IR + A9VR_LT_IR) + FIR + KLT(QVR_LT_IR - AGVR_LT_IR) - BAGAQVR_LT_IR =0

_KSE( AGVR_LT_IR - AQVR) + FIR - KSE(QVR_IR - HVR_LT_IR) + KLTQVR_LT_IR - KLTAQVR_LT_IR - BAGAéVR_LT_IR = 0
Assigning:

FIR = FIR - KSE(QVR_IR - HVR_LT_IR) + KLTQVR_LT_IR

KSE( A9VR7LTJR - AHVR) = F'IR - KLTAHVR,LTJR - BAGAHIVRfLTJR
The new equation for T\ can be written as:

Tigr = KSE( AGVR,LTJR - A91/}2)

Tir _
Ko + Abyr = AByg i1 iR
SE
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PN TIR .
Tir = Fir — Ki7 (K_ + AHVR) — BagAbyg 11 18
SE

_ FirKse _ AbyrKspKir
Kse + Kir Ksp + Kpr

Tir = KSE( AGVR_LT_IR - AHVR)

TIR - BAGAQVR_LT_IR

4.2.4. Formulating Horizontal Right Muscle Force (Tugr r mF)
Tur r mp = Trr + T + Tor
THR_R_MF = KSE (AHHR - AHHR_LT_LR) + KSE( AQVR_LT_IR - AQVR) + KSE (AGVR - AGVR_LT_SR)

THR_R_MF = KSE (AQHR - AHHR_LT_LR + AQVR_LT_IR - AQVR_LT_SR)

FLRKSE AGHRI(SEKLT ) ﬁIRKSE _ AQVRKSEI(LT FSRKSE AHVRKSEKLT o)

THRiRiMF = KSE + KLT KSE + KLT + BANTAGHRiLTiLR + KSE + KLT KSE + KLT - BAGAGVRiLTilR + KSE + KLT KSE + KLT + BANTAOVRiLTisR
(FLR + F]R + ﬁSR) AHHRKSEKLT ~ . ~ . ~ .
Tur g Mr = SE + BanrAOug 11 1R — BagAOyr 111k + BantAOvr 17 sR (29)
Ksg + K7 Ksg + K7
Tur rmr = Kse(80up — DOup 11 1r + AByg i1 1r — AByg 17 s7) (30)

4.3. Vertical Bottom Muscle Force (Tvr g wr)

We can write the equation of force generated by contraction of the inferior rectus:

Tygr g ur = —Fircos 0 — Ki 1 (BVR_LT_IR - AHVR_LT_IR) cos O + BAGAéVR_LT_IR cos Op (31)
Resisting the contraction, the series elasticity component propagates the contractile force by pulling the eye

globe with the same force:

Tygr g mr = —Ksg (GVRJEJR + AGVR,SEJR) cos Oig (32)
Equations (31) and (32) can be used to calculate the force Tvg g wr in terms of the eye rotation A6yg and

displacement AByg (1 ir Of the length-tension component.

KSE(GVR_SE_IR + AQVR_SE_IR) cos O;g — Fig cos 01 — KLT(QVR_LT_IR - AGVR_LT_IR) cos O + BAGAQVR_LT_IR cosOrp =0
Taking into consideration that Oyg |r = Ovr LT 1k + Ovr_se_ir and AByr = AByr (7 1R — AByr st Ir, the following

equations can be derived:

GVRJR - AQI/R = GVR,LTJR + HVRfsE,IR - AGVRfLTJR + AHVR:S'EJR

GVRJR - AQI/R - HVRfLT,IR + AGVRfLTJR = HVR:S'E,IR + AHVR:S'EJR

KSE(GVR_IR - AQVR - HVR_LT_IR + AHVR_LT_IR) - FIR - KLT(QVR_LT_IR - AHVR_LT_IR) + BAGAH'VR_LT_IR = 0

KSE (AQVR_LT_IR - ABVR) - FIR + KSE (HVR_IR - QVR_LT_IR) - KLTHVR_LT_IR + KLTAQVR_LT_IR + BAGAQVR_LT_IR = 0
Assigning:

Fir = Fig + Ksg (v i1 1r — Ovrir) + KirByr 17 1r

—Ksg (AHVR,LTJR - AGVR) = _FIR + KLTAGVR,LTJR + BAGAQVR,LTJR

The new equation for Tyg g_mr Can be written as:
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Tyr g mr = —Ksg (AQVR_LT_IR - AQVR)

Tyr B mF
Abyg — —Ié — = AByg 7R
SE

~ Tyr p_mr .
Tyr g mr = —Fr + Kir <A9VR - —Ié - ) + BugAOyg 11 1R
SE
FirKse AOyrKseKir 4 .
T, =— + B, A8 (33)
VR_B_MF Keg + Kir | Ksp + Ky 4cA0VR LT IR
Tyr pmr = —Ksg (AQVR_LT_IR - ABVR) (34)

4.4.Vertical Top Muscle Force (Tvg 1 wF)
Tigp = Fipsinfg + KLT(QHR_LT_LR + AHHR_LT_LR) sin@p + BANTAéHR_LT_LR sinfp
Tygr = Fyg sinOyg + KLT(GHR,LT,MR - AeHR,LT,MR) sinOyg — BAGAH'HR,LT,MR sin Oy
Tsg = Fog c0s Osg + Kir(Oyr i1 sk + AByg 17 sr) €OS Osg + BanrAbyg 11 1z COS Osg
Tir = KSE(BHR_SE_LR + AHHR_SE_LR) SinBpg
Tur = KSE(HMR_SE_MR + AQMR_SE_MR) Sin Oy
Tsg = Ksg(Ovr_se_sr + DOyg_si _sr) €OS Osg
These equations can be used to calculate the forces T g, Tmr, and Tsg in terms of the eye rotation, AByr and

AByg, and displacement of the length-tension component of each muscle, A6ur L1 (r, ABur LT Mr, @Nd AByr 17 sr-

4.4.1. Lateral Rectus Muscle Force (Tr) of the Vertical Top Muscle Force

_KSE(BHR_SE_LR + AHHR_SE_LR) SinBpp + Fipsinbpp + KLT(QHR_LT_LR + AQHR_LT_LR) sinfg + BANTAQHR_LT_LR sinfg =0
Taking into consideration that Our 1R = Our LT IR + Ohr se tr @Nd ABur = ABur 1T (R + ABur se g, the

following equations can be derived:

Our Lr + A0ur = Our i1 1R + Our_se Lk + AOur 17 1R + AOur sk LR

Our Lr + A0ur — Our 17 1R — BOur 17 1R = Onr ser + AOur sk LR

_KSE(GHR_LR + ABur — Opririr — AQHR_LT_LR) + Fir +Kir (HHR_LT_LR + AHHR_LT_LR) + BanrDOyg 1 1r =0

—Kse (AGHR - AHHR_LT_LR) + Fir — KSE(QHR_LR — OuriT iR ) + KirOug it i + KirAOpug 17 ik + BantBOyg i 1r =0
Assigning:

Fir = Fp— KSE(QHR_LR - QHR_LT_LR) + KirOur 17 1k

Ksg(AOpr — AByg 17 1r) = Fir + KirBOug 11 1r + BanrAbOug 17 1k

The new equation for T g can be written as:

Tig = KSE(AQHR - AeHR,LT?LR)

AHHR_LT_LR =AOup ——
. T, .
Tig =Fip + Kip (AOpr — 7 + BanrAOug 17 1R
SE
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FipKsg  AOupKspKir o
= + BynrAG
KSE + KLT KSE + KLT ANT HRLT_LR

Tig = KSE(AQHR - AeHR_LT_LR)

TLR

4.4.2. Superior Rectus Muscle Force (Tsg) of the Vertical Top Muscle Force

—Ksz (v _se_sr + MOy si sr) €0S Osg + Fog oS Osg + Kir(Oyg 11 sr + AByr 11 sr) €0S Osg + BanrAByg 11 1 €OS s = 0
Taking into consideration that Oygr sk = Ovr LT sr + Ovr se sk @and AByr = AByr 17 sk + AByr se sr, the

following equations can be derived:

Oyr sk + AByr = Oyg 17 sr + Ovr se sk + AOyr 17 sk + AOyr e sr

Oyr sk + AOyr — Oy 17 sk — BOyr 17 sk = Ovr sk sk + BOyr sk sk

—Ksg(Bvr sk + AByg — Oyr 11 sk — AOyg 17 sr) + Fsp + Kir(Ovr i1 sk + A6y 7 sr) + BanrAbyg 17z =0

—Ksz(86yr — AOyg 11 sr) + Fsg — Ksp(Bvr sk — Ovr it sr) + KirOvr ir sk + KirAOyg 17 sg + BanrAbyg 17 sr = 0
Assigning:

Fsg = Fsg = Ksg(Ovr sk — Ovrirsr) + Kirbyr irsr

Ksg(ABygr — AByg i1 sr) = Fsg + KirAOyg 11 sg + BanrDOyr 11 sr
The new equation for Tsg can be written as:

Tsp = KSE(AQVR - AQVR_LT_SR)

Tsr

AQVR,LT,SR =Abyp — K_SE

o Tsp :
Ter = For + K1 <A9VR - K_) + BanrAOyr 17 sk
SE

_ FspKsg AbyrKse K r B, Af
Kep + Kir |+ Ksg + Kip ANTRUVR LT SR

Tsp = KSE(AQVR - ABVR_LT_SR)

TS R

4.4.3. Medial Rectus Muscle Force (Tyr) of the Vertical Top Muscle Force

_KSE(HHR_SE_MR + ABHR_SE_MR) sinOyg + Fyg sin Oyg + KLT(QHR_LT_MR - ABVR_LT_MR) sinOyg — BAGAéHR_LT_MR sinfyg =0
Taking into consideration that 6ur MR = OHr LT MR + OHr sE MR @Nd ABur = ABur LT MR — ABHRr se mr, the

following equations can be derived:

HHR_MR - AQHR = QHR_LT_MR + HHR_SE_MR - AQHR_LT_MR + AQHR_SE_MR

HHR_MR - AQHR - HHR_LT_MR + AQHR_LT_MR = QHR_SE_MR + AQHR_SE_MR

_KSE(BHRfMR - AHHR - HHRfLT,MR + AGHRfLTfMR) + FMR + KLT(QHRfLTfMR - AeHRfLTfMR) - BAGAéHRfLTfMR =0

_KSE(AHHR_LT_MR - AgHR) + (FMR _KSE(QHR_MR - gHR_LT_MR) + KLTHHR_LT_MR)_KLTAQHR_LT_MR - BAGAéHR_LT_MR =0
Assigning:

ﬁMR = FMR_KSE(QHR_MR - GHR_LT_MR) + KLTQHR_LT_MR

KSE(AHHR_LT_MR - AGHR) = FMR_KLTAQHR_LT_MR - BAGAéHR_LT_MR
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The new equation for Tyr can be written as:
Tur = Ksg (AHHR_LT_MR - AHHR)

TMR = FMR _KLTAHHR_LT_MR - BAGAéHR_LT_MR

Tyr
K + AOyr = AOyg 11 MR
SE

" Ty :
Tur = Fyr—Ki1 K + A0y | — BagAOug 11 MR
SE

_ FurKse _ AByrKspKir
Kse + Kir - Ksg + Kip

Tyr = Ksg (AHHR_LT_MR - AHHR)

MR - BAGAQHR_LT_MR

4.4.4. Formulating Vertical Top Muscle Force (Tvr 1 mr)
Tyr 7 mr = Top + Tur + Tsg

FirKse  AOupKspKir
Ksg + Kir - Ksg + Kir

Tyr 7. mr = Ksg (AHHR - AHHR_LT_LR) + Ksg (AHHR_LT_MR - AHHR) + Ksg (AQVR - AQVR_LT_SR)

FurKse _ AByrKspKyr
Keg + Kir Kep + Kip

FspKse  AOypKspKir -
BantAB,
Kep + Kir | Kop + Kpp + BanrAByr 11 sR

+ BanrAByg 17 1k + — BuMOyg 17 mr +

Tyrrmr =

(ﬁLR + F'MR + F‘SR) AHVRKSEKLT ~ . ~ . ~ .
T = + BynrAB — BycAO + BynrAO (35)
VR_T_MF KSE T KLT SE KSE T KLT ANT=YHR_LT_LR AG HR_LT_MR ANTSYVR_LT_SR
TVR_T_MF = KSE (AHVR - AGVR_LT_SR + AHHR_LT_MR - AHHR_LT_LR) (36)

5. Muscle Model Equations
The equations for the remaining directions of eye globe rotation can be inferred from the equations and

muscle model diagrams presented in the previous sections, and follow the general form:

TPlane_Direction_MF = iKSE(AgPla.ne_LT_AG - AgPla.ne) (37)

ﬁAGKSE — AgPlaneKSEKLT —

Tpiane_pirection.mr = L Kep + K,p Kep + K,1 + BAGAHIPlane,LT,AG (38)

TPlane,Direction,MF = iKSE (AgPlane - AgPlame,LT,ANT - AHPerpendicularPlane,LT,ANT + A6PerpendicularPlame,LT,AG) (39)

T -+ KSE(FANT + FPerpendicularAG + FPerpendicularANT) AePlaneKSEKLT F g Aé
Plane_Direction MF — — - AGSYPerpendicularPlane_LT_AG
Ksg + K7 Ksg + K7 (40)

i BANTAéPlane_LT_ANT i BANTA9PerpendiculaTPlane_LT_ANT
By modifying the plane (horizontal or vertical), force direction (top, bottom, left, or right), and
agonist/antagonist muscle pairs (lateral, medial, superior, or inferior recti) associated with these equations, it is

possible to describe the dynamics of eye globe rotation within the two-dimensional plane.
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5.1. Right-upward Movement

Right Upward Model
Agonist: LR, SR
Antagonist: MR,IR

? Tsr
< Tur + Tir* T
Tir >

TLR + TIR+ TMR

Horizontal (HR) Vertical (VR)
Force Direction Right (R) Top (T)
Agonist Muscle (AG) Lateral Rectus (LR) Superior Rectus (SR)
Antagonist Muscle (ANT) Medial Rectus (MR) Inferior Rectus (IR)

Applying equations (37) — (40) to the horizontal and vertical planes, we obtain:

THR_R_MF = KSE(AHHR_LT_LR - AQHR) (41)
ﬁLRKSE AQHRI{SE o) A
T = - — B,cA8 42
HR_R_MF KSE + KLT KSE + KLT AG HR_LT_LR ( )
THR_L_MF = _KSE (ABHR - AHHR_LT_MR - AHVR_LT_IR + AHVR_LT_SR) (43)
(FSR + F’MR + F’IR) AHHRKSE -~ . ~ . ~ .
THR_L_MF =- KSE + KLT SE — m + BAGAGVR_LT_SR - BANTAQHR_LT_MR - BANTAQVR_LT_IR (44)
TVR_T_MF = KSE (ABVR_LT_SR - AQVR) (45)
F'SRKSE AeVRI(SE 5 A
Ti = - — B,;A0 46
VR_T_MF KSE + KLT KSE + KLT AG VR_LT_SR ( )
TVR?B?MF = _KSE (AGVR - AHVRfLTJR - AHHRfLTfMR + AGHRfLT,LR) (47)
(ﬁLR + FIR + FMR) AQVRKSE ~ . ~ . ~ .
TVR_B_MF == KSE + KLT SE — m + BAGAQHR_LT_LR - BANTAGVR_LT_IR - BANTAHHR_LT_MR (48)
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5.2. Right-downward Movement

T +T +7T Right Downward Model
LR~ 'SR™ MR Agonist: LR,IR
Antagonist:MR,SR

‘— TMR * TIR+ TSR
TLR I

T *

Horizontal (HR) Vertical (VR)
Force Direction Right (R) Bottom (B)
Agonist Muscle (AG) Lateral Rectus (LR) Inferior Rectus (IR)
Antagonist Muscle (ANT) Medial Rectus (MR) Superior Rectus (SR)

Applying equations (37) — (40) to the horizontal and vertical planes, we obtain:

Tur rmr = Kse(AOug 1 1k — DOug) (49)
FirKsg AOurKse 5
T = — — B,.AB 50
HRRMF = e TR K,y DAcAOHR.T LR (50)
Tur 1 mr = —Ksg(80ug — AByg 11 Mg — AOyg 11 s + AByg 11 1) (51)
(Fig + Fygr + Fg) AOypKsy .~ . . . . .
Tur 1 mr = — Kep + Kpm Ksp — Kep + K,y BacAByr 11 1r — BantAOug 11 mr — BantAOvr 17 sk (52)
Tvr s.mr = —Kse(AOyg 17 1r — AByg) (53)
FirKsg AOyrKsg 5 . .
T = — B,-A8 54
VR_B_MF Kep + Ky | Kop + Kip + BygAOygr 17 1R (54)
Tyr 7 mr = Kse(AOyr — AByg 11 s — AOug 11 mr + AOug 17 1r) (55)
(Fig + Fygr + FR) AOyrKsp . . . . .
Tyr 1t mr = SE — BugAOug 11 1r + BantAOvr 17 sk + BantAOur 11 MR (56)
Ksg + K7 Ksg + K7
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5.3. Left-upward Movement

Left Upward Model
Agonist: SR,MR
Antagonist: LR,IR

1\ T
-
TLR + TIR+ TSR

SR
TMR
—
v

TMR + TLR+ TIR

Horizontal (HR) Vertical (VR)
Force Direction Left (L) Top (T)
Agonist Muscle (AG) Medial Rectus (MR) Superior Rectus (SR)
Antagonist Muscle (ANT) Lateral Rectus (LR) Inferior Rectus (IR)

Applying equations (37) — (40) to the horizontal and vertical planes, we obtain:

THR,L,MF = _KSE(AHHR,LT,MR - AHHR)

FurKsg AburKsk
Ksg + Kir  Ksp + Kir

THR_L_MF =- + BAGAéHR_LT_MR

THR_R_MF = KSE (AGHR - AGHR_LT_LR - AQVR_LT_SR + AgVR_LT_IR)

(ﬁm +Fp+ ﬁSR) AOurKsy 5 4 ~ . A .
KSE + KLT SE KSE + KLT - BAGAQVR_LT_IR + BANTAHHR_LT_LR + BANTAGVR_LT_SR

THR_R_MF =

TVR_T_MF = KSE (AGVR_LT_SR - AQVR)

FSRKSE AQVRI(SE

- — B,:00
Keg + Kir  Kop + Kyp 267 VRATSE

Tyr 1t mr =

TVR_B_MF = _KSE (AQVR - AQVR_LT_IR - AQHR_LT_LR + AQHR_LT_MR)

(FMR + FLR + ﬁIR) AQVRKSE - . ~ . ~ .
KSE ¥+ KLT SE — m BAGAHHR,LTfMR - BANTAeVRfLTJR - BANTAGHRfLTfLR

Tyr g ur = —
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5.4. Left-downward Movement

Left Downward Model
Agonist: MR,IR
Antagonist: LR, SR

TMR + TLR+ TSR

<= Tur
Tr*+Trt T
—>

T *

Horizontal (HR) Vertical (VR)
Force Direction Left (L) Bottom (B)
Agonist Muscle (AG) Medial Rectus (MR) Inferior Rectus (IR)
Antagonist Muscle (ANT) Lateral Rectus (LR) Superior Rectus (SR)

Applying equations (37) — (40) to the horizontal and vertical planes, we obtain:

THR,L,MF = _KSE(AHHR,LT,MR - AHHR) (65)
ﬁMRKSE AHHRKSE 5 .
T =— + B, A8 66
HR_L_MF KSE + KLT KSE ¥+ KLT AG HR_LT_MR ( )
THR_R_MF = KSE(AGHR - AgHR_LT_LR - A‘9VR_LT_.‘5R + AQVR_LT_IR) (67)
THR_R_MF = KSE + KLT KSE + KSE + KLT - BAGAQVR_LT_IR + BANTAHHR_LT_LR + BANTAGVR_LT_SR (68)
TVR,B,MF = _KSE(AHVR,LTJR - AGVR) (69)
ﬁIRKSE AgVRK.‘SE 5 .
T =— + B,-A8 70
VR_B_MF KSE + KLT KSE + KLT AG VR_LT_IR ( )
TVR_T_MF = KSE (AGVR - AGVR_LT_SR - A‘9HR_LT_LR + AgHR_LT_MR) (71)
TVR_T_MF = KSE + KLT SE KSE + KLT - BAGAQHR_LT_MR + BANTAQVR_LT_SR + BANTAQHR_LT_LR (72)
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