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Abstract: this report develops force equations for four extraocular muscles i medial, lateral
recti and superior, inferior recti. Derived forces alow moving an eye globe in two
dimensionaplane.

1. The Oculomotor Plant mechanical model

The Oculomotor plant is represented by a mechanical model composed of six muscles
attached to a globe of ice representing the eye sphere. This wapes only with the
oculomotor plant that consists of the lateral (the muscle shaoser to the earfhe medial (the
muscle that is closer to the nos#)e superiorthe muscle that is closer to the foreheadd
inferior (the muscle that is closer the cheekjecti, eye globe and surrounding tissues.

. N\

superior obligue M SUperiorrectus

<g @ 3
medial rectus w lateral rectus
Y

Inferior ob!iqueT, inferior rectus

Figurel. Left eye diagram front view
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Figure2. Left eye diagram side view

The eye gl obeds latezat medial, superior And wmaferior fettieare
modeled through a system of mechanical componéessribed in latter subections.Each
musclecan play the role ahe agonist or the antagonist. The agonist muscle pulls the eye globe
in the requiredlirection and the antagonist muscesists the pulEach of the following section
is modeled based on the role that each muscle plagsparticular situation. As an example
when the eye globe moves to the direction of upper right direction, the lateral/superior recti
support forthe movement and medial/inferior recti resist the movement based on the role of the
muscle atthat instance. Lateral/superigrlays the agonist and medial/inferior pkythe
antagonist role in thiparticularsituation.Evoked by muscle movement, an ey@ anove in
eight different directions Right horizontal,Left horizontal, Top vertical, Bottom vertical, Right
upward, Left upward, Right downward and_eft downward.This paper discussemly Right
upward movemerdnd Left Downwardasexamples, but the ndel can be modified to allow eye

globe movements in all directions.

2. Two DimensionalOculomotor Plant Mathematical Model 2DOPMM)

The OPMM is consist of four contour pointgach with eye musckgtached to eye globe
which provides forces to rotate eye globe around the socket through the use of four muscles,
lateral rectus, superior rectus, medial rectus and inferior reches.subscript notation will

identify with LR the parameters that belotaythe lateral rectus, with MR the parameters that
2
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belong to the medial rectus, with SR the parameters that belong to the superior rectus and IR the
parameters that belong to the inferior rectus. Parameters without those subscripts are identical to
both types of musclesThe figure illustrates the eye in the coordination positignOfOwith

respect to the eye center axis in the rest posituith muscles compensate the reactions of each

muscle and stabilize the eye in the coordination fraonke

Figure3. Oculomotor Plant Mathematical Model with four muscle forces

When eye moves to a particular position from the coordination positiod) @ one of eight
basic movement types listed above, each muscle connected to the eye globe contract or stretch

accordingly.
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Figure4. Positive Upward movement with muscle forces

Consider a positive upwardo ve ment of the right eye, whioc
from the coordination position (@). The lateral rectus and the superior rectus provide forces to
move the muscle to the required position and stable on the target visual axis. Thennedsale
rectus and inferior rectus stretches and contest the movement in the required direction. When eye
fixate upon the target visual aximusclexompensate the forces and stabilize on the new visual
axis. Rotations of each muscle because of the hot&and vertical movement of eye from its
or i girm,n dyr bhakes a rotation angle in with respective to each of muscle connected to

the eye gl obe, by | ater al rectus, SURPEsk i or 1 e

U MR, D|R respeu'vely.
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Figure5. Positive Upward movement witlvertically and horizontallyprojected muscle forces

Each muscle provides projections of its forces activated by the neuronal control signal, at
each point in the eye globe in basic eye movement types. The projections of each muscle force is
directed according to the direction of its basic movement andpthigdes four basic muscle

force equations at each point of connection at the eye globe as,

Horizontal Right Muscle Forcayx & w9 'TirRCO §s0 +—

Horizontal Left Muscle ForceT(g , wr) I TsC 0 SdlJ T

Vertical Top Muscle Forcer(z r vr) i TwrC O SydF TsrS i BRUTRS | g U—>
Vertical Bottom Muscle Forcei s wr) " TRC O SR® TwrS | RRY TS i ani

3. Positive Upward Eye Movement

The lateral rectudIMM, holding the eye in a fixation state, is representedribyre6

Neuronal control signdN, creates active tension foroé,R_LR that works in parallel with the
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lengthtensionforce Fy ;1 & . Altogether they produce tensi®pg g yr = Fur 1z + Fur 17 18
that is propagated through the series elasticity compsnenthe eyeglobeTHR_R_MFz
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Figure6. Muscle Mechanical Model. Rexdrows represent direction of the forces

Scalar values of the forces are as followihg@ngth tension forcef lateral rectus is
Frr ot 1R = Kitdur ot trWheredhr_se (riS the displacement of the sprimg the horizontal
directonand Ksei s t he spr i magdosce propagdted ibyg thee seties elasticity
component isT r=Ksgdhr se 1r Where dur se riS the displacement of the spring the

horizontal directiorand Ksgi s t he springés coefficient

TensionTLR applied by lateraftectus to the eye globe is counterbalanced by tension of
medial rectussuperior rectus and inferior rectlisy + Tsg + Tz and tension created by passive

elasticity ofthosemuscles and the tissue surrounding the eye gtgi@. The MMM becomes
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more complex during eye rotations, kivay it to present MMMs for the horizontal and vertical

muscle forcesTo provide more detaiinuscle forces are presented with scalar values.

3.1. Horizontal Right Muscle Force (HR_R_MF)

The agonist muscle contractstates the eye globe and stretches the antagonist muscle.
Assuming that the lateral rectptay the role of the agonisEigure 7 presents the MMM of the

Horizontal Right Muscle Force (HR_R_MMulling the eyeglobe in the positive direction.

Lets assume that prior to the eye movement, the length of the displacaniemiseries
elasticity and the length tension spring componentie horizontal directioadded together is
dhr_IR- Considering that t he r i gHdégrees,ytlee origioal e s
di spl acuewwesnreducel making the resulting dispt e meqR ik - &g The
di spl acgrmeeant bsed broken in the dukspadacre-ment
a®lhr LT 1R- Muscle contraction expands the series elastic component making the resulting
displacementhr_se irta@lir < 1r. Muscle contraction shortens the length tension component
making the resulting displacemetiz .1 1r- a&8r 1 18- The damping component modeling the
force velocity relationshifB,;Afd,r 5 resists the muscle contraction. The amount of resistive
force produced by the damping component is based upon the velocity of contraction of the length

tension component.
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Figure7. Horizontal Right Muscle érce mechanical model. Arrows represent direction of the forces.

using Figure 7, we can write the equation of force with which the part of the diagram
responsible for contraction by the lateral rectus (active state tension, damping component, length

tension component) s the series elasticity component.

Tur g mr = FLrcOS 01 + KLT(HHR,LT,LR - A91~1R,LT,LR) cos Og — BAGAG'HR,LT,LR cos Op @)

Resisting the contraction, the series elasticity compsnehtateral rectuspropagates the

contractile force by pulling the eye globe with the same forgerTvr

Tur g mr = Ksg (QHR,SE,LR + AgHR?SE?LR) cos O, @
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EquationsError! Reference source not foun@ndError! Reference source not foung¢an be used to
calculate the forcek r_mrin terms of the eye rotatiakf,, and displacememfyp ;1 1z Of

the length tension component of the muscle.

—Ksp (O _se 1k + MO sg 1r) COS Og + Fig €05 015 + Kir(Onr ir 1k — MO i1 1r) €OS O1r

— By AéHR?LT?LR cosb =0
Taklng IntO COﬂSlderatlon thEHHRiLR = GHRfLTfLR + HHRJS'ELLR and AHHR = AeHR?LT?LR - AeHR?SE?LR

the follwing equation can be calculated:

QHR_LR - AQHR = QHR_LT_LR + GHR_SE_LR - AGHR_LT_LR + AHHR_SE_LR
QHR_LR - AQHR - QHR_LT_LR + AHHR_LT_LR = HHR_SE_LR + AHHR_SE_LR
_KSE (QHR_LR - AQHR - GHR_LT_LR + AHHR_LT_LR) + FLR + KLT(GHR_LT_LR - AHHR_LT_LR) - BAGAéHR_LT_LR =0

_KSE (AQHR_LT_LR - AQHR) + (FLR_KSE(HHR_LR - HHR_LT_LR) + KLTGHR_LT_LR)_KLTAQHR_LT_LR - BAGAéHR_LT_LR

=0
ASSIgnIngFLR = FLR_KSE(HHRfLR - eHRfLTfLR) + KLTGHRfLTfLR

KSE (AHHR,LT,LR - AeHR) = FLR_KLTAQHR,LT,LR - BAGAH.HR,LT,LR

New equation fof; z ur Can be written as:

THR_R_MF = Ksg (AGHR,LT,LR - A91~1R)
THR_R_MF = ﬁLR_KLTAHHR_LT_LR - BAGAéHR_LT_LR

TH R_R_MF

K + AOpp = AHHR_LT_LR
SE

TH R_R_MF

THR_R_MF = FLR_KLT < + AeHR) - BAGAéHRfLTfLR

SE
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T _ FirKse _ AburKsg _B..AG ©)
HRRMF = g g " K + Ky AGOVHRITLR
Tur r Mr = Ksg (AQHR_LT_LR - AQHR) )

3.2. Horizontal Left Muscle Force (HR_L_MF)

The antagonist muscle is stretched by the agonist pull. Assuming thabjgettions of
medial rectusand inferor rectuplay the role of the antagonisand superior rectus plays the
agonist MMM of the Horizontal Left Muscle Forcen the positive direction can be represented

in Figure8

By consicering the medial rectusyiginally the length of the displacement in the series
elasticity and the length tension springs added togetltbrisr dir mrincreases when the eye
moves to the right byslir, making the resulting displacemetiiir vr +  aRdBoth length
tension and series elasticity components lengthen as a result of the agonist pull. The eye rotation
aalyr can be split into the displacement of the series elasticity component and the length tension
componentadlir= ek se v &k LT vr The esulting displacement for the series elasticity
component is dur se R a&hr se v and for the length tension component is
dur Lt mrraElR T MR The damping component modeling the force velocity relationship
BunrAB,r yr Tesists the muscle stretchinThe amount of resistive force is based upon the

velocity of stretching of the length tension component.
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Figure8. Horizontal Left Muscle Force. Arrows represent the direction of the forces.
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